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Inferring Propeller Inflow and Radiation from Near-Field
Response, Part 1: Analytic Development

R.J. Minniti* and W. K. Blake'
U.S. Naval Surface Warfare Center, West Bethesda, Maryland 20817-5700

and

T. J. Mueller*
University of Notre Dame, Notre Dame, Indiana 46556

In general, the physics of the relationship between the pressure field surrounding a rotating propeller in subsonic
flow and the flow characteristics is understood. However, quantification of this relationship in a way that allows
engineering analysis of propeller noise is limited by complete definition of the inflow distortions. Therefore, a way
of inferring this relationship and the distortion characteristics unobtrusively and in situ has been developed. The
technique is based on the assumption that measurements of the unsteady pressure on the blades are available.
From the pressures, the technique predicts the radiated acoustic far field, infers incoming flow characteristics, and
defines Green’s function between the near and far pressure fields. The analysis combines theoretical and empirical
treatments of pressure data to infer the acoustic quantities. Thus, the turbulence ingestion problem is approached in
a practical manner without the need for many of the simplifying assumptions required by purely theoretical means.
The technique is developed for use on experimental data. The technique is subsequently applied to a propeller
operating downstream of large-scale, mean-flow distortions, and ingesting broadband turbulence (Minniti, R. J.,
Blake, W. K., and Mueller, T. J., “Inferring Propeller Inflow and Radiation from Near-Field Response, Part 2:
Empirical Application,” ATAA Journal, Vol. 39, No. 6, 2001, pp. 1037-1046).

Nomenclature

blade number

airfoil chord

speed of sound

Green’s function between acoustic pressure
and unsteady thrust

transfer function between unsteady lift

and unsteady pressure

turbulence wave vector

acoustic wave number, /¢,

unsteady lift

blade span

far-field acoustic pressure

unsteady pressure on airfoil surface

cross correlation between unsteady pressure
on blades i and j

acoustic field observation position vector
Sears function

aerodynamic admittance function incorporating
spanwise variation of flow

unsteady propeller thrust

time

mean velocity

unsteady velocity

blade position vector

blade summation gain

coherence between unsteady pressure on blades i and j
average blade pitch

direction cosine

angle of acoustic observation

spanwise integral length scale of turbulence
flag denoting even or odd blade number
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density

autospectrumof quantity x

cross spectrum between quantities x and y
phase of acoustic field

propeller shaft rate

circular frequency
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Subscripts

quantities associated with section lift
quantities associated with sum of ring array
chordwise, scalar component of a vector
transverse, scalar component of a vector
spanwise, scalar component of a vector

W=~

Superscripts

0 = n =0 summation associated with axial
force component
n =1 summation associated with transverse

force component

Introduction: Problem Statement

ROPELLERS and axial flow fans usually operate downstream

of atmospheric disturbances or flow obstructions that produce
large-scale and small-scale turbulence. Even if turbulent flow is not
presentin the stationaryreferenceframe, spatiallynonuniformmean
flows translate to periodic gusts in the rotating referenceframe of the
propellerand cause unsteady pressureon the blade surfaces. This un-
steady pressureproducesunsteady force that, when summed over the
entire propeller,contributesto unsteady thrust. Unsteady thrustradi-
ates noise in the fashion of a dipole and, as such, dominates the far-
field acoustic spectrumat low frequency. The physicsof the relation-
shipbetweenthe acousticsource strengthof the propellerturbulence
interaction, the turbulence intensity and the turbulence correlation
length, is generally understood. However, quantification of this re-
lationship in a way that allows engineering analysis of propeller
noise is limited by the capability of empirical or analytical methods
to define the inflow distortions. Thus, a method for inferring these
distortions and their relation to noise production unobtrusively and
in situ with fewer simplifying assumptionsis of interest.
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Previous research has advanced the understanding of the rela-
tions among inflow conditions, unsteady thrust, and noise genera-
tion. Sevik' was one of the early pioneersto investigatethe unsteady
force on propellers in turbulent flow. His model sought to predict
thrust spectra for propellers with an isotropic turbulent approach
flow. However, he assumed that the turbulent length scales were
small and each eddy interacted with only one blade. As such, the
resulting thrust spectrum contained only the broadband components
of the propellerresponse and did not show peaks or haystacks near
the harmonics of the blade passage frequency. Blake? extended this
model to include blade-to-blade correlation of lift due to turbulent
length scales larger than the blade spacing and predicted haystacks
in the continuum around the blade rate harmonics. However, the
results of the two models were not married into a single analytical
form. When the work of Sevik' and Blake® was used as a base point,
Martinez’~> advanced the theory by correctly estimating blade-to-
blade correlation in the theoretical model. He posed that the pro-
peller rotation effectively decreased the blade spacing relative to
the length scale of the turbulence. Therefore, even for length scales
smaller than the blade spacing, the predicted blade-to-blade corre-
lation of unsteady loading caused both broadband and narrowband
components of the propeller response to appear in the predicted
thrust spectrum.

By necessity, even in this improved model, the turbulent flow
was considered to be either isotropic or to have uniform spatial
decay of correlation. In real flows, isotropic turbulence does not
exist or only approximately exists for small ranges of conditions.
Additionally, the small-scale turbulence is often superimposed on
larger scale distortionsand has nonuniformspatial correlationdue to
the presence of upstreambodies. These types of flows are difficult to
describe by point-to-point measurements of the flow. Therefore, as
quantification of the real flows becomesharder, an empirical method
to infer the information from the acousticresponseis convenientfor
eliminating acoustic sources in propellers. Of particular interest is
a method of interpreting information about the global nature of the
flow from the acoustic signature and unsteady pressure measured at
the blade surfaces.

This interpretation fits into the general category of an inverse
solution. The traditional order of direct solution is to start with
the assumption that the inflow conditions are known, solve for the
pressure near field, and extend the results to the acoustic far field.
In contrast, the inverse solution determines blade surface pressure
fromthe acousticfar field and then projectsthe results to infer inflow
characteristics.Inverse methods have received little attention in the
acoustic community. However, Grace et al.>7 have established the
theoretical basis for the inverse solution of a single airfoil. Their
solutionis based on the assumption that the airfoil is infinitely thin.
Thus, the governing equations of the pressure field are simplified
to a single relation. This relation is inverted numerically to give the
near-field pressures on the airfoil surface from the far-field pres-
sures. Then, by the use of the unsteady airfoil theory of Sears,? the
incoming flow is inferred from the near-field pressure. Since this
initial work, Patrick-Grace and Atassi’ have advanced the work to
include finite span effects.

The current analysis combines direct and inverse methods to ex-
ploit the propellers’ own geometry as an in situ transducer for sam-

r\s—c
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pling the flow. The inverse methods are similar to those discussed
earlier, except that the methods have been extended to the more
complicatedcase of the multiblade propelleringestingunsteady flow
composedof bothsmall-scaleturbulenceand large-scale,mean-flow
distortions. The direct methods have been seeded with empirical
data to reduce the number of assumptions about propeller response
or inflow characteristics. Comparison of the results of the theoreti-
cal and empirically seeded methods yields a greater understanding
of the propeller response. Finally, the method is derived with the
intended application to a propeller in subsonic flow (My < 0.15).
As such, the analysis will likely become inaccurate in transonic and
supersonic flow.

Analytical Development of Propeller Response

The analysis of the propeller response is complex, and it is help-
ful to give a graphical road map of the techniques. The flowchart
in Fig. 1 is an outline for the analysis characterizing propeller re-
sponse in this paper. In Fig. 1, direct solutions run from the left and
inverse solutions from the right. At each step in the process, arrows
indicate the flow of information and summarize the major points of
the analysis. Many of the equations and relations used in the state-
ment of the analysis are rigorously developed elsewhere. Because
this is inappropriate for the scope of this paper, the relations have
been modified and applied toward the objective of completing the
analysis with an appropriate reference stated.

Point Pressure Response

Many researchers have studied the response of an isolated airfoil
to an incoming gust. However, the general method proposed by
Sears® is the most relevant in the present context due to ease of
applicationto unsteady velocity and pressure data. Specifically, the
method relates unsteady pressure and lift to unsteady velocity using
a generic pressure distribution and a flow-dependent aerodynamic
admittance function. Sears considered the flow about a flat plate
at zero angle of attack encountering a sinusoidal upwash. When
the linearized Euler equations subject to boundary conditionsat the
body surface and in the wake are used, the chordwise distributionof
a single-frequency component of the unsteady pressure jump was
given to be

Ap( ) = 2puy(0)U c/2—x1S wc )
=2pu(0)U,| ————Se| —
Pl © pita c/2 4+ x; 2U

where Se(wc/2U) is the Sears function. The quantity wc/2U is
often referred to as the reduced frequency &} and can be thought
of as the ratio between the airfoil half-chord and the convective
wavelength of the gustbased on Taylor’s hypothesis. The chordwise
distribution given by the radical on the right-hand side of Eq. (1) is
that of classical steady thin airfoil theory, which the Sears solution
must approach in the limit of zero reduced frequency. Note that
this definition is off from a more traditional statement of the Sears
solution by a minus sign.

When the more complex case of turbulence interaction with an
airfoil section is addressed, the unsteady pressure difference be-
tween the upper and lower surfaces of an airfoil has been given by
a number of investigatorsin the form

L) Blade o | T(@)

' my p(x],x3,a)) . Rfsponsc%
Respo!

Gpr (’:’ a’)
H ip (x1)

Fig.1 Flowchart of propeller response analysis.
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Ap(xi, x3, ki, k3, o, t) = 2pUusy(ky, ks, o)

c/l2—x .
X /C/Z——FXiSZD (%klc, %k3c) expli(ksx; — ot)] )

which is Eq. (11-36) from Blake.? The function SZD(%klc, %lqc)
is an aerodynamic admittance that reflects not only the classical
chordwise behavior of unsteady lift of the Sears admittance® but
also addresses variation of the incoming flow along the spanwise
direction.Filotas,'®!! Amiet,'? Reissner,'* and Graham'* are among
the investigatorswho have given analytic or numerical statements of
this function. However, if flow lines of constant phase run along the
span, that is, k3 =0, and Taylor’s hypothesis of frozen convection
holds, that is, k; = w/ U, the form of Eq. (1) is recovered, and the
two admittance functions are equivalent in the limiting case.

Blade Lift Response

The integrationof the pressure jump along the chord gives the sec-
tion lift. Sears® found an analytical solution for a single-frequency
componentofthe sectionlift by integratingthe distributionof Eq. (1)

to be
M = ﬁchuz(a))Se<%> 3)

dx 3

Equation (3) will hold for large-scale distortions with little radial
variationof the unsteady flow, as is the case with spanwise-coherent,
mean-flow distortionsingested by a propeller with unskewed blades.
For these inflow types, accurate description of the total blade re-
sponse can be estimated by spanwise, strip-theory integration of
Eq. (3). However, for the general case of turbulence ingestion, ra-
dial variation of the unsteady flow with finite correlationexists. This
variation will produce spanwise-coherentlift over regions of limited
extent, greatly complicating the integration.

Therefore,a more complete definition of the blade responsebased
on Eq. (2) is required. After integration of Eq. (2) over the chord,
a single-frequency component of the blade response to all of the
turbulent wave vector components is

L3/2 oo ]
/ / uy(ky, k3, )
—L3/2 J—00 J—00

1 1 .
X S>p (5/(16, §k3c>ezk;x3 dk, dky dx;

o0 o0
= npcUL; / / uy(ky, k3, ©)Sp
—00 —00

1 1 sin 2k; L
x <-k1c, —k3c> (12—”> dk, dk, @)
2172 1Ly

where the variations of ¢, U, and S,p with radial location are as-
sumed negligiblerelative to changesin unsteady velocity (or at least
uncorrelated with them). Accordingly, the blade lift spectrum is

L(w) = npcU

o0 o0
D (0) = ”ZPZ(CL3)2U2/ / @, (ki, k3, @)
—00 J —00

2, . 2
1 1 sin =ks L
Sop | =kic, =k —2—— ) dk, dk 5
21)(2 1¢ 5 3C> ( %k3L3 ) 1 K3 )

At this point, a separable model for the turbulence is introduced
with the accompanyingassumptionof frozen convection(see Blake?
pp. 735-752 for the complete development of the unsteady blade
lift due to turbulent flow ingestion). It is further assumed that the
span is substantially larger than the radial macroscale, Aj, of the
turbulence. Thus, the blade lift becomes

sel L5
2U
® fdintk L\

5 / GLELLE IS ©)
—c0 5k3L3

X

2
A
O, (0) = n2p2<cL3>2U273®u<w>

The sine integral has an exact value of 27/ L3, which yields

D, (@) = 7P (cLs)*U|[|Se(we/ 2U)*(2A5/ L3) | @, ()

~ 12X (cLs U3 Sop (Shic, hsc) [ @, () @)

The second approximated equality is given to show the use of the
multiplicative factor A3 to account for the uncorrelated spanwise
stations of lift along the propeller blade. Thus, the preceding result
in the first equality reverts to use of the Sears strip aerodynamics® as
opposed to any analytical treatment of the effect of spanwise wave
number on the aerodynamic response.

When the similarities between Egs. (1-3) and (7) are noted, a
transfer function between the section lift and the pressure can be
stated for both the specific and general case as

D,(w) r2c {c/2+x
— = |Hyp(x))* = —
Dy, (x1, @) 4 c/2 —x;

®)

where it has been assumed that no relative phase exists between the
pressure jump and lift. As defined, the transfer function incorpo-
rates only the chordwise integration of the pressure to find lift and
not the aerodynamic admittance. This definition is frequency and
velocity independent, which makes it a generic transfer function.
When function s applied to Eq. (7), the blade lift spectrum is given
in terms of the pressure jump spectrum as

D (w) :2A3L3|Hlp(xl)|2q)Ap(xls ) 9

In this statement of blade response, if Eq. (2) is used to estimate
the unsteady pressure, contributions of turbulence away from the
planform of the blade are neglected. Thus, the blades are assumed
to interact with the turbulent eddies individually, as described by
Sevik.! However, an empirical measurementof the pressuredoes not
suffer this shortcoming. Therefore, the measured unsteady pressure
can be used to quantify empirically blade-to-blade coupling of lift
and characterize total propeller response.

As stated after Eq. (4), variation in ¢, U, and Sears number Se
were considered secondary effects in the development of Eq. (9).
However, the statement can now be used in a crude sense in strip
theory integration where these variations are considered and the
span L; is replaced by the incremental span Ax;:

AD, (x3, ®)

Axs = 2A3|Hlp(xlsx3)|2q)Ap(xlsx3s ) (10)
Thus, Eq. (10) has generalized Eq. (3) to hold at every spanwise
station, and the unsteady lift is related to the unsteady pressure
jump without the use of a frequency-dependert admittance function.
Because no general analytic treatment of the admittance function
accounting for the finite thickness, camber, and angle of attack of a
cascade airfoil exists, the measurement of unsteady pressure is the
most direct way to measure unsteady loading.

Unsteady Thrust and Acoustic Prediction
Using a Blade Summation Gain

Analysis of the propeller thrust response is often built from an
analytical model that addresses local coupling of lift on blades in
a cascade. It is then assumed that the cascade response character-
izes the propeller response, as shown in Fig. 2. The blade-to-blade
interactions are important to interpreting the unsteady response of
the propeller; however, the effect of the original circumferentially

Fig.2 Assembly of propeller response from airfoil cascade.
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periodic geometry interacting with the circumferentially periodic
flow distortions of practical installations should not be lost. Thus,
although the aerodynamic response of individual blades and lo-
cal coupling is of interest, in a larger sense the propeller as a
complete geometry must be addressed to characterize the response
appropriately.

For turbulence ingestion, the summation of blade lift to form
thrust is difficult to calculate because the dynamics governing the
interaction of the turbulence with the complex geometry of the pro-
pellermake modeling of bladeresponsecouplingdifficult. However,
as a simplifying assumption, the effects can be approximated as a
summation gain applied to the blade lift as

2 B B
®7() = lim 7”{ [Z LAw)n(?)} [Z Lj(w)n(?)} }

i=1 j=1

= 1B%(@) (7))’ ®r(w) an

where 1(7) is a direction cosine to account for average blade pitch
and 8°(w) is the blade summation gain. The blade summation gain
B°() is a dimensionless function that describes nonlinear, blade-
to-blade coupling of lift. The superscripted zero denotes that the
summation is associated with the coherent thrust. The magnitude
of the blade summation gain and extent of thrust productionis de-
pendent on the radial distribution of turbulence and blade-to-blade
correlation of the lift. The correlation of blade lift is dependent
on many factors including radial and circumferential correlation
lengths, blade number, blade spacing, and other turbulence quanti-
ties. Therefore, although many researchers have addressed an ana-
lytic solution for the case of isotropic turbulence, including Sevik,!
Homicz and George,'> Mani,'® and Martinez,> absolute compu-
tation of fBy(w) is difficult for real flows.

In application to data, the axial blade summation gain is approx-
imated using the sum of a ring of point pressure measurements as
addressed in the following section, for now it is assumed known.
Thus, the thrust can be obtained from the blade lift and blade sum-
mation gain. If the propellerdiameteris small and the acousticrange
is largerelative to the acoustic wavelength, the propellercan be con-
sidered a compactacoustic source. Therefore, the acousticradiation
is dominated by a dipole whose source strength depends on the
thrust as

®p(r, w) = |Gpr(r, @)|2®T(@) (12)

The notation, G p7 (r, ®), denotes Green’s functionbetween far-field
pressure and thrust. When Eq. (11) is substituted into Eq. (12), the
acoustic radiation is

©p(r, ©) = |G pr(r, ®)P|BY(@) (7)) Pr(@)  (13)

Furthermore, by the use of Egs. (7) and (13), the acoustic radia-
tion of the propeller due to thrust can be estimated based only on the
turbulence spectrum measured at a single point and the blade sum-
mation gain. Ideally, the turbulence measurement should be made
in the rotating reference frame to identify modes that are steady
in the stationary frame and unsteady in the rotating frame. How-
ever, the use of a stationary measurement and an empirically deter-
mined summation gain will predict the presence of the broadband
and narrowband contributionsto thrust associated with these modes
although the magnitudes will be understated.

Establishing Blade Summation Gain from Point
Pressure Measurement

As in Eq. (11), the blade summation gain is a statement of how
the individual blade aerodynamic response will sum to produce the
thrust. Complete empirical establishment of the summation gain
requires instantaneous knowledge of the pressure everywhere on
each blade. However, because this is impractical, the summation
gainis approximated by assuming the blade lift is well correlated to
the point pressure at 70% of the blade span. Under this assumption,
coherent processing of the pressure on each blade gives a time-
accurate measure of thrust production. The summation gain of the

Fig.3 Exampleinstrumentation of a) four-blade and b) two-blade pro-
pellers for empirical estimation of blade summation gain due to turbu-
lence ingestion.

blade lift, desired for use in Eq. (11), is then approximated by the
summation gain of point pressure measurements made along a ring
in the propeller plane as shown in Fig. 3a.

The concept can be understood by considering the simple ge-
ometry of the two-blade propeller instrumented with one sensor on
each blade, as shown in Fig. 3b. When each blade aerodynamic re-
sponse is assumed to be statistically distinguishableonly by phase
dueto circumferentiallocation, then the mean-square pressure jump
at the same location on different blades will be equivalent. When
subscripts 1 and 2 are used to denote blade number, this equivalence
can be written as

(P ~ (p?) ~ (p3) (14)

When the mean square of the sum of the two signals is taken, the
value is

<P_gz> ={(p1 + )1+ p2)) = (P_f> +2{pip2) + (P_§> (15)

When Eq. (14) is applied to the right-hand side of Eq. (15), the ratio
of the summed pressure to the single point pressure, called the array
gain, is

02
<p_2> ~ |:2 +2 [pih)i| =[242R(1)] (16)
(p?) {r?)

In general, for a propeller with B blades, Eq. (16) becomes
<sz> ~ B(p?) + 2B p)i—ji=1 +2B@:p) - ji=2
+ o+ 2BDiD )i - ji=indBi21— & + BED P = ji=512
a7

where & is 1 foreven B and O forodd B. Asin Eq. (16), the array gain
can be stated in terms of the pressure cross-correlation coefficient
on the individual blades as
e
() ~
=~ B +2BR;j(t)lji=ji=1 +2BR;;j(t)]}i= ji=2
(r*

+ o+ 2BR;(Dji— ji=intsral—e + BER;; (D)= ji=p2  (18)

Equations (17) and (18) are arranged, in order of nearest-neighbor
correlation, second-nearest-neighbor correlation, and then increas-
ing blade spacing to farthest-neighborcorrelation.

To ease interpretation, this expression can be written as

02
<p_2> ~ [B + (B — B)—[p"_p")} = [B+ (B> = B)R;(1)]
(r?) (p?)

fori #j (19)

assuming blade-to-blade correlation [R;;(¢), i # j] is constant for
all blade pairs. This assumption does not hold for propellers with
many blades (B > 4) because the variationin blade spacing between
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nearest and farthest neighbors becomes significant. However, be-
cause the array gain on the left-hand side of Eq. (19) is a measured
quantity, the assumption impacts only how the gain is interpreted.
Blind use of Eq. (19) for a propeller with many blades to determine
R;;(t) from the array gain gives a value that represents a spatial
average over the entire propeller.

The utility of the time-domain definition in Eq. (19) is limited to
large-scale, spanwise-coherent distortions like those produced by
stators or inlet guide vanes. However, for the case of turbulence
ingestion, an analogous form of Eq. (18) can be defined as

DY (o)
D, ()
+ o+ 2By (0)i—j|=ingBr21-¢ + BEyi i (@)|ji = j1= 512

~ B+ 2By (0)li—jj=1 +2By;;(0)]ji- jj=2

(20)

As before, assuming blade-to-blade coherence is constant for all
blade pairs gives

d)g () —~ 2
o [B+ (B>~ Byy;(o)] @D

Equation (21) is not the exact Fourier equivalentof Eq. (19) because
the coherence is not the Fourier equivalent of the cross-correlation
coefficient. Thus, application of Eq. (21) in the spectral domain
might give misleading results for the propeller in any realizable
flow. A particularexample would be that case of a circumferentially
periodic flow with mode number one off of the blade number. In this
case, the coherence between the individual blade responses would
be near unity because they would be identical except for a constant
phase relationship and Eq. (21) would indicate a large summation
gain. However, the measured blade summation gain would be very
low, as this mode will producebladeresponsesthatdonotcoherently
sum to produce thrust.

The blade summation gain is approximated by the array gain of
the point pressures as

(22)

for application of the earlier two sections to experimental data.
Therefore, the blade summation gain responsible for thrust produc-
tion, as defined, is dependenton the blade-to-bladecoherenceof the
near-field pressure. For the case of incoherent blade aerodynamic
responseproducedby small-scaleturbulence, y;; &~ 0, the blade sum-
mation gain is predicted to be the blade number B, which denotes
individual contributionof the blades to unsteady thrust. However, if
the turbulence is large, y;; # 0, the summation gain will be greater
than the blade number, which indicates blade-to-blade coupling of
the lift to enhance thrust production. In the limit of y;; — 1, the
blade summation gain will approach B? correspondingto complete
constructive summation of mean-squareblade lift to produce thrust.
Therefore, the blade summation gain becomes a measure of thrust
production and radiation efficiency for each of the flow modes.

To this point in the analysis, the superscripted zero on the blade
summation gain has been included to indicate axial force but has
not differentiated any other notation. In the case of unsteady thrust,
the circumferential modes corresponding to multiples of the blade
passagefrequency producedlarge axial summation gains. However,
the modes one shaft rate from the blade passage frequency, that is,
o= (mB =% 1)Q, are responsible for propeller side forces and give
zero axial summation gain. Therefore, a second definition for the
blade summation gain is appropriate for estimation of the unsteady
side forces produced by the propeller. The transverse summation
gain is defined as

@5 ()

23
(o) (23)

1B (@) ~

where the numerator of Eq. (23) is the spectral equivalent of

(i) = <[Z ;e +ﬂt>} > (24)

j=1

Equations (15) and (24) are special cases of the general spatial
filter applied to the ring array of sensors on the propeller blades
obtained by replacing the exponential in Eq. (24) with e/"©i+20,
The real and imaginary components of Eq. (24) correlate to two
orthonormal force components that, when the blade indices 0, are
chosen correctly, correspond to the horizontal and vertical compo-
nents of the force. When this definition and the appropriatedirection
cosine in Egs. (11) and (13) are used, both the side forces and the
resulting radiation can be estimated.

Empirical Characterization of Far-Field Response

In addition to completion of the direct solution of the acoustic
problem, the blade summation gain can be used to determine radial
integral scale and the transfer functions relating pressure to lift and
thrust to sound. In Eq. (13), the far-field pressure was approximated
using the blade summation gain and the blade lift. Substitution of
Eq. (9) into Eq. (13) gives

@p(r, ®) = 2A3L;3|G pr(r, @)|2|Hlp(x1)|2|ﬂ0(@)|2
X (N(7))’® s, (X1, ©) (25)

When the pointpressureresponseis assumed to typify the total blade
aerodynamicresponse, the summed pressure can be substituted:

D p(r, ®) = 2A5L3|G pr(r, 0)*[Hp (x)F(0(7))* DY
X (x1, X3 = 0.7L3, w) (26)

Thus, the acoustic radiation is directly related to the summed point
pressures.

Furthermore, the expected cross spectrum between the far-field
pressure and the summed pressure can be stated in terms of the
summed pressure spectrum. As before, integration along the span
gives a single-frequency component of the blade lift as

L(w) = npcU Ls / / uy(ky, k3, 0)S:p| =kic, =kzc
—00 J —00 2 2

sin%k3L3
X | ———— ) dk, dk; 27)
Tk3Ls

The radiated acoustic Fourier component at a point in the far field
is

P(r,0) = Gpr(r, o)T(0) = Gpr(r, ®)|B*(@)n(7)L(w) (28)

and substituting, one obtains

P(r, 0) = np(cL3)UG pr(r, ©)| (@) |n(7)

us(ky, k3, @)S2p <—k1C, —k3C>
INA 34

sin%k3L3
x [ B2 ) ik, aks (29)
k3L

Therefore, the cross spectrum of the radiated pressure with the
summed pressure can be written as

@py (r, ) = np(cLHUG pr(r, @)|ﬂ0(@)|2[77(?7)]2

o0 o0
x Ap(xy, x3 =0.7L3, ky, k3, 60)/ / us(ky, k3, o)
—00 ¥ —00

1 1 sintk;L;
X S —kic, =ksc || —2—— | dk, dk 30
2D<2 1 23)( %k3L3 ) 1 dk3 (30)
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When the turbulence is assumed to be homogeneous, the pressure
in Eq. (30) can be expressed using Eq. (2) as

c/2 —x;
12+ x, >L3GPT(r, a))|Hlp(x1)||ﬂ0(a))|2

_ o0 o0 1 1
X (77(7))2/ / D, (ky, k3, @)|Sp (5/(1& 5k3c>

sin 2k; L
2

When the earlier assumptions of a separable turbulence model,
frozen convection, and small integral length scale relative to the
blade span are followed, the cross spectrum can be written as

Dpy (r, 0) = P2U2<

2

Ls 0 2 =\\2
Dps (r, ®) = 7A3GPT(", 60)|Hlp(x1)||ﬂ (o)|"(n(¥))

® sinik, L
X/ sinzhLs o,

o0 %k3L3
c/2—x we :
42U —= |, ()|S 32
o (c/2—|—x1 (@)\5el 552 32)

Finally, when the integral is evaluated and the pressure spectrum is
substituted for the bracketed term in Eq. (32), the resultis

Dpx (r, ) = 2A3G pr(r, @)|Hlp(x1)||ﬂ0(@)|2(77(37))2q)Ap(x1, )
~ 205G pr(r, ©)|Hyp(x)(1(7))* @3 (x1, %3 = 0.7L3, 0)
(33)

When these definitions are used, estimates of the coherence and
frequency response functions between the near and far pressure
fields are given as

|Dps (r, ®)|? _2A4

—_— = 34
Dp(r, w)q)%(w) Ly 34

7;2>): () =

1 _ Op(r,0)
|Hps (r, ®)| | @ ps (r, ®)|

= L3|Hlp(xl)||GPT(rs )| (35)

Equation (34) relates the radial integral length scale of the tur-
bulence to the blade span using the coherence between the near
and far pressure fields. The relation between the acoustic radiation
of the propeller and a circumferentially summed measure might
be expected to treat the circumferential modes only. However, the
radial and circumferential modes have dependent behavior due to
propeller geometry. That is, the turbulence modes with large cir-
cumferential scales of low-frequency excite modes near the blade
passage frequency producing transference of flow energy from low
to high frequency. The small-scale radial modes produce spanwise
coherentlift directly converting flow energy into acousticradiation.
The cross-correlationmethods, therefore, identify the thrustproduc-
tion due to this latter direct transference of energy. The remaining
portionidentified by the blade summation gain representsthe former
portion that is difficult to treat analytically.

Equation (35) uses measurements of the pressure near field and
acoustic far field at a minimal number of locations (B 4 1) to esti-
mate the two transfer functions. If a simple, free running rotor well
described by the dipole model is considered, the cross correlation
of near-field and far-field pressures gives a measure of the transfer
function between point pressure and section lift. Alternatively, for
a more complicated geometry such as a turbojet engine, the dipole
model will not hold. In this situation, if the distribution of pressure
can be described by some numerical or analytical method, then the
cross correlation exposes Green’s function governing acoustic radi-
ation. Additionally in such configurations, a summation measure-
ment from each stage establishesthe individualstage response when
cross correlated with the far field. Therefore, the relationship of the

near-field source to the far field is established without modeling the
complex geometry or specifically defining the incoming flow.

Discussion

Flowfields composed primarily of large-scale, mean-flow distor-
tions with circumferentiallyperiodic patternsare usedin Ref. 17 as a
validationtool to demonstrate the use of the blade summation’ tech-
nique. In these cases, by the varying of the rotational speed of the
propeller,theindividualblade acrodynamicresponsecan be mapped
over a range of frequency giving an empirical measure of the rela-
tionbetween velocity and pressure. The unsteady thrustand acoustic
radiation predicted from the summation gain will be compared to
measurement of the acoustic radiation. To extend the results to the
general case, the methods will then be applied to the propeller in-
gesting grid-generated, small-scale turbulence. Here, the individual
blade aerodynamic response will be interpreted using the relation-
ships obtainedin the circumferentiallyperiodic cases and compared
to the developments of Egs. (1) and (2). Again, the total response
will be predicted using the empirical summation gain and compared
to the measured acoustic radiation.

Conclusions

The analysis treats the complete aerodynamic and aeroacoustic
problem for the free rotor ingesting turbulence. However, the results
are not limited to this simple case. The incorporation of empirical
information to complete the analysis enables direct measurement
of the relationship between near-field source and far-field radiation
for more complex configurations. The analysis differs from the an-
alytical treatment of other researchers by addressing the propeller
problem in a way that has practical significance to empirical data.
The empirical data are introduced at the point in the analysis where
itis mostdifficult to proceed analytically butis empirically straight-
forward due to use of the propellers’ own geometry. The analytic
and empiricalresults combine to quantify the productionof radiated
noise for identification and removal of specific noise sources. Thus,
issues due to complex geometry and unknown inflow conditions,
which complicate the analytic establishment of these functions, are
avoided by use of the empirical definition.
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